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Abstract-Studies were conducted on notched and unnotched columns subjected to axial compressive loading.
The objective was to determine the effects of cracks of different depths and root radii on the maximum load
carrying capacity oflong and short columns with notches on one side and on opposite sides. Results indicate that
the maximum load carrying capacity of eccentrically loaded columns having slenderness ratios less than 250 may
be reduced significantly, particularly when these columns contain fatigue cracks or notches with a root radius
smaller than 0'003 in.

INTRODUCTION

THE stability of columns and other structural components has often been investigated
[1-3J. Some effort has also been made to determine the weakening effects of flaws in
specimens subjected to tensile, compressive or bending loads r4]. In most of these studies,
however, the effect of flaws on the buckling or critical load was not treated [5,6]. Conse
quently, the results presented in this paper are primarily concerned with obtaining the
maximum load of long and short columns containing cracks. The loads were concentric
and eccentric axial compressive loads, and the cracks were of varying depths and root
radii on long slender and short columns having notches on one side and also on both sides.

The results presented in this paper may be of significance in many areas of engineering
where slender columns are employed to achieve high-strength-to-weight performance.
For example, the results are applicable to the aeronautical and aerospace industries, since
aircraft and missiles have slender column construction in wing and fuselage sections.
Flaws may develop in these structures from mechanical vibrations, aerodynamic loads,
rocket fuel exhaust, leakage of rocket fuel or acoustical fatigue.

For these investigations 1x 1in. rolled bars made of 7075-T6511 aluminum were
selected. The column specimens were made by cutting the bars to the desired lengths and
facing off the ends. The columns containing cracks had notches put in at the center of the
specimens, either on one side or on two opposite sides as required. On the adjacent sides
that did not contain notches, small grooves were put in to minimize possible surface effects
caused by the rolling operations ofthe manufacturing process.
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Some columns were tested having machined notches of root radius of approximately
0·003 in. Other columns were fatigued at the notch to produce a very small crack by mount
ing one end in a fixture held eccentrically in the chuck ofa 16-in. Hendley lathe and holding
the other end rigidly by the tool post.

The depth of both the machined and the fatigued crack was measured after failure with
an optical comparator. An r.m.s. value of the notch depth was calculated using ten depth
readings at equal intervals for irregular cracks. For a crack of approximate uniform depth
the average depth was found by use of the cross lines in the comparator.

TEST EQUIPMENT

The columns were loaded in a fixture (Fig. 1) having knife edges at the ends with adjust
ments to enable concentric and eccentric loading. This assembly was mounted in a Tinius
Olsen 120,OOO-lb-capacity universal testing machine. The movement of the loading head
was recorded with a Tinius Olsen differential transformer. Dial gages, which were used to
determine the amount of transverse displacement of the column, were mounted on a
vertical stand. Vertical alignment was accomplished with dial gages to within 0·0005 in.

TEST PROCEDURE

The load was applied to the columns by lowering the head of the testing machine at a
constant rate. The applied load versus vertical displacement of the loading head was
plotted automatically on a chart recorder. The transverse deflection of the column was
also measured. The columns were loaded to failure or, in case of no failure, well beyond the
point of maximum load.

THEORETICAL CONSIDERATIONS

Critical load

The Euler buckling load Pcr for columns with pinned ends is well known [4] as

n2Ebh 3

Pcr = 12L2 (1)

where E is Young's modulus, b is the width of the column, h is the depth of the column
and L is the length of the column. The length L was taken as the length of the column plus
the length of the knife edges. From Fig. 2 it is seen that the results of the theory and experi
mental findings agree quite well. Tests on various lengths of columns were performed;
in particular, extensive tests were conducted on 12-in. columns.

Equations of stress
It is possible to determine the approximate stress in columns subjected to an eccentric

compressive load. Within the linear range this stress is equal to the sum of the compressive
stress and the stress due to bending. The tensile stress due to bending could be used in the
following equations, since the opening mode of the crack is of interest. Using beam column
assumptions, the approximate stresses become

(J = (Jc + (Jb (2a)
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where

Carrying capacity of notched columns 491

(2b)

(2c)

in which P is the applied load, C = h/2 is the distance from the neutral axis to the outer
fiber, £ is the eccentricity ofloading, and <5 is the horizontal deflection at the midpoint of the
column. Finally, substituting (2b) and (2c) into (2a) results in

(J = ~ [-1 + 6(£ +<5n.
bh h J (3)

Equation (3) is valid for a uniform column without notches.
The approximate maximum stress could also be determined by employing stress

concentration formulas developed by Neuber [4]. For example, he considered the effect
of deep and shallow hyperbolic external notches for cases of pure tension and bending.
The maximum stress at the root of the notch may be determined for tension as

P [(a/p) +1].j(a/p)
(J =----~-'---'-;------;--

max ab [(a/pH 1] arctan .j(a/p)+.j(a/p)

and for pure bending as

(4)

(5)
2P(£ + <5)(a/p).j(a/p)

(J -----;;-~--;--:---=__-,--,--,.-:"-----,-,___:___:_::

max - a2b[.j(a/p)+[(a/p)-I] arctan.j(a/p)]

where p is the radius of curvature of the root of the notch and a is half the width of the net
cross section at the root of the notch. Equations (4) and (5) may be combined with appropri
ate signs to give the resulting stress at a notch in a column subjected to an axial compressive
and a bending load. The superposition of (4) and (5) is valid within the limits of the linear
theory of elasticity.

One difficulty in using (4) and (5) is that the dimensions of the net section area are
required to obtain the maximum stress for each incremental load. Obviously, errors are
introduced in using (3), (4) and (5) for determining the maximum stress in notched columns.
Furthermore, it is questionable whether Neuber's expression for stress concentration is
valid for fatigued crack specimens where p approaches zero. In view of the possible in
accuracies in applying the above and other available formulas to slender columns with
notches, theoretical investigations are presently underway to extend the present stress
concentration theory.

RESULTS AND DISCUSSION

Tests were conducted on columns having lengths of 6,9, 12, 15, 18,24 and 30 in. The
majority of the tests were conducted on columns 12 in. long, but an adequate number of
tests were also performed on the other lengths.

The results for unnotched columns subjected to a concentric axial load are shown in
Fig. 2. In these tests, with the eccentricity equal to zero, the columns were continually
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FIG. 2. Comparison of theoretically predicted Euler load with experimental results.

adjusted during the loading to insure straightness. The required adjustments were always
very small. Some tests were also conducted using double notched columns. For the case of
zero eccentricity, no appreciable difference for the Euler buckling load was observed for
notched and unnotched columns. This result is apparently correct, since the column is
subjected solely to an axial load and not permitted to bend. Consequently, the cracks close
under compressive load and have virtually no effect on straight columns which are made to
remain straight until buckling. A series of tests was also run on 12-in.-long unnotched
columns at various eccentricities of loading (Table 1). In these tests the columns were
loaded well beyond the inflection point on the load deflection curve.

TABLE I. MAXIMUM LOADS OF THE 12-IN.-LONG

UNNOTCHED COLUMNS HAVING DIFFERENT ECCENTRICITIES

Eccentricity
(in.)

o
o

0·090
0·250
0·500
1·000
1·250

Experimentally determined
maximum load (Ib)

3045
3150
2440
2050
1590
1200

1020

- Euler buckling load which was calculated using a
length of column plus the added length due to the knife
edges.
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The same eccentricities were used for the unnotched and notched columns. The depth
of notch (or crack) was varied. The deflection in the horizontal direction was measured at
approximately the center of the column. Load-deflection curves obtained for various
crack depths are shown in Figs. 3-9. Although experiments were conducted on columns
with one and two notches, Figs. 3-9 show only the results of columns with a single notch;
the results for the double notch are discussed later. The notch was on the side ofthe column
farthest from the axis of the applied load.
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FIG. 3. Load---<ieftection curve for a column with a O·020-in. deep notch with a fatigue crack extension.
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FIG. 4. Load---<ieftection curve for a column with a O·070-in. deep notch with a fatigue crack extension.
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FIG. 5. Load-deftection curve for a column with a O-090-in. deep notch with a fatigue crack extension.
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FIG. 6. Load-deftection curve for a column with a O·llO-in. deep notch with a fatigue crack extension.
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FIG. 7. Load-deftection curve for a column with a O·I40-in. deep notch with a fatigue crack extension.
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FIG. 8. Load-deftection curve for a column with a O·170-in. deep notch with a fatigue crack extension.
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FIG. 9. Load-deflection curve for a column with a 0·195-in. deep notch with a fatigue crack extension.

The failure load was measured using seven crack depths at five eccentricities. A com
parison between the response of the notched bars at various eccentricities with those of
the unnotched bars is tabulated in Figs. 3-9. The comparison shows that a fatigue crack in a
column under axial load reduces its load carrying ability. This load carrying capacity of
the column is further reduced as the depth ofthe crack is increased. Furthermore, increasing
the eccentricity of the applied load decreases the load carrying ability. Finally, it appears
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FIG. 10. Effect of notch depth on failure load and maximum horizontal deflection of the column. (All
notches have a fatigue crack extension.)
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that the horizontal deflection is approximately constant for a given crack depth. This can
be seen from Fig. 10, where failure load has been plotted versus the corresponding maximum
horizontal deflection. The largest decrease in load carrying ability from the notched to the
unnotched column was 55 per cent, which occurred for a notch depth of 0·195 in. and an
eccentricity of 1·250 in. The failure loads were plotted versus the notch depths at various
eccentricities (Fig. 11). The values presented as zero notch depth are the maximum loads
obtained for the tests on the unnotched columns for the eccentricities indicated.
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FIG. II. Effect of depth of notch with a fatigue crack extension on failure load.

The effect ofthe root radius of the crack was also studied (Fig. 12). The majority of the
results were obtained using a notch with a fatigue crack extension. In Fig. 12 results have
also been given for 0·OO3-in. and 0·0625-in. root radii; the large root radius resulted in
higher failure loads than those for small root radius for the tests conducted in this research.
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FIG. 12. Effect of notch depth and root radii on load carrying ability of columns. (Eccentricity = 1·0 in.)
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No appreciable difference was found between the fatigue crack and the O·003-in. radius
crack. However, the O·0625-in. root radius appears to have no effect on preventing the load
from reaching a maximum value before failure, because the corresponding load deflection
curves have approximately zero slope at failure.

The results of the effect of putting a notch on both sides of the column are shown in
Fig. 13. Note that the total notch depth for the double V-notch indicated in the table on
this figure is equal to the sum of the length of the crack on each side of the column. These
tests indicate that a double notch is less disastrous than a single notch with a crack depth
equal to the total crack depth of the double notch. Symmetry appears to be maintained
for a double notch but is not maintained for a single notch.
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FIG. 13. Load-deftection for a column with two V-notches on opposite sides and of varying depth.
(Eccentricity = 1·0 in.)
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FIG. 15. Effect of notches and slenderness ratio on the maximum load carrying capacity of columns.
(Eccentricity = 0·090 in.)

The results of a series of tests on the effects of slenderness ratio, depth of notch, and
eccentricity on the maximum load carrying capacity of the column are shown in Figs. 14
and 15. Two eccentricities were considered, namely, 1·000 in. in Fig. 14 and 0·090 in. in
Fig. 15. A variety of notches were considered, namely, a single 0·110-in.-deep notch and
double notches 0·020 and 0·110-in. deep. From Figs. 14 and 15, it appears that the load
carrying ability of7075-T6511 aluminum columns having slenderness ratios larger than 250,
and for eccentricities of 0·090 and l·OOO-in., is not noticeably affected by notches. However,
as the slenderness ratio decreases from a value of 250, the effect of notches on the load
carrying capacity of the column increases. For small slenderness ratios the weakening
effect of the notches is most pronounced, especially for the l·OOO-in. eccentricity.

To determine whether a preferred orientation due to manufacturing processes existed
in the rolled bar, four columns that were taken from the same bar were tested. A single
identical notch was put into each of these columns but placed on their four different sides
for the four tests. Differences in the load carrying capacity and transverse deflection were
less than the experimental accuracy.

CONCLUSIONS

For the aluminum 7075-T6511 columns considered, the following conclusions may be
drawn:
1. Presence ofa fatigue crack in a column reduces its load carrying capacity when the load
is applied eccentrically in compression (Figs. 3-9).
2. The experimentally determined buckling load is not affected by the presence of two
symmetrical and identical cracks for concentrically loaded straight columns.
3. For slenderness ratios less than 250, the sharp notches appear to have a significant
effect on the load carrying ability of the columns (Figs. 14 and 15). This effect is especially
pronounced for large eccentricity of load application. For slenderness ratios greater than
250, these notches do not appear to have quite as significant an effect on the load carrying
ability.
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4. The load carrying capacity decreases with increasing depth of notch for slenderness
ratios less than 250 (Figs. 14 and 15).
5. For a column length of 12 in. the weakening effect of a fatigue crack becomes more
pronounced when loads are applied at greater eccentricities (Figs. 3-9).
6. The reduction in load carrying ability of a 12-in. long fatigue cracked column having
a slenderness ratio ofabout 92 is the same as for a sharp notch with a root radius of0·003 in.
or less, as long as all the other dimensions remain the same (Fig. 12).
7. A root radius of 0·0625 in. does not appear to result in catastrophic failures of the type
exhibited by a fatigue crack in a column having a slenderness ratio of 92 (Fig. 12).
8. In loading columns to failure, a fatigue crack on one side of the column is more disastrous
than a fatigue crack of half the depth on both sides of the column as may be seen in Fig. 15
for a slenderness ratio of 92.
9. For a slenderness ratio of92 and a given depth of fatigue crack, failure appears to occur
at a near constant horizontal deflection when the column is loaded eccentrically in com
pression (Fig. 10).
10. Columns made from rolled bar stock did not show any preferred orientation due to
manufacturing processes in these studies.
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Resume-Des etudes furent faites sur des colonnes entaillees et non entaillees soumises Ii des charges de com
pression axiales. Le but est d'etablir les effets de fissures de profondeurs et de rayons d'origine differents sur
la resistance Ii la charge maximum de colonnes longues et courtes avec des entailles sur un cote et sur les cotes
opposes. Les resultats indiquent que la force de resistance a la charge maximum de colonnes acharge excentrique
ayant des rapports de minceur inferieurs a 250 peuvent etre reduits d'une fa.;on considerable, en particulier
lorsque ces colonnes contiennent des fissures ou des entailles de fatigue avec un rayon d'origine inferieur a
0,003 pouce.

Zusammenfassung-Studien wurden unternommen an gekerbten sowie ungekerbten Saulen, die axialen Druck
lasten ausgesetzt wurden. Das Ziel war die Bestimmung der Einwirkung von Rissen verschiedener Tiefe und
Wurzelhalbmesser auf die Tragkraft langer und kurzer Saulen mit Kerben an der Seite und an der gegentiber
liegenden Seite. Die Resultate zeigen, dass die Maximaltragkraft excentrisch belasteter Saulen mit Schlank
heitsverhaltnis unter 250 bedeutend vermindert werden kann, insbesondere wenn diese Saulen Daueranrisse
oder Kerben mit Wurzelhalbmessern unter 0,003 Zoll haben.

A6cTpaKT-PaCCMaTpHBaCTCli 3a,na'lH 0 KOJIOHHaX C Bblpe30M HJIH 6e3 BblpeJa, HarpYlKeHHblX oceBOM

,naBJIeHHeM. UeJIblO pa60Tbl lIBJIlieTCli onpe,neJIeHHe 34>clJeKTOB l.l\eJI, pa3Hoi!: rJIy6HHbl HJIH pa,nHycoB

Bblpe3a, Ha MaKCHMaJIbHYIO Harpy3Ky, HC'IepnHBaIOI.l\HIO Hecyl.l\YlO cnoco6HocTb B ,nJIHHHblX H KOpOTKHX

KOJIOHHaX, C BblpeJaMH C O,nHOi!: CTOpOHbl HJIH C 06eHX. Pe3YJIbTaTbl yTscplK,naIOT, 'ITO MaKCHMaJIbHali

HeCYl.l\all cnoco6HOCTb 3KCl..\eHTpH'IHO HarpYlKeHHblX KOJIOHH, 06JIa,naIOI.l\HX OTHOllleHHlIMH rH6KOCTH MeHee

'1eM 250, MOlKeT 6bITb 3Ha'lHTeJIbHO YMeHLllleHa, OC06eHHO Kor,na 3TH KOJIOHHLI HMelOT YCTaJIOCTble

l.l\eJIH HJIH Bblpe3LI, KOTOpLIX pa,nHycLI MeHee '1eM 0'003 ,nlOltMa.


